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J. Phys. A: Gen. Phys,, 1971, Vol. 4. Printed in Great Britain

Wave tails in Born-Infeld electrodynamicst

D. S. CHELLONE
Department of Mathematics, King’s College, Strand, London WC2, England
MS. received 20th July 1970

Abstract. Approximate iterative solutions to the Born-Infeld nonlinear
electromagnetic equations are developed in flat space~time. Incoming radiation
terms, or wave tails, are shown to arise from the iterative correction of initially
purely outgoing approximate solutions.

1. Introduction

In a recent paper, Couch ef al. (1968), using the Newman-Penrose spin-coefficient
formalism (Newman and Penrose 1962), found an approximate form for the ‘tail’ to
a sandwich wave of gravitational radiation exploding from a perturbed Schwarzschild
source. Part of the tail consisted of an imploding wave, focused on the source, and
arising from the mass-radiation interaction. This incoming wave was interpreted as a
backscattering, or reflection, of the emitted wave by the curvature of space-time, which
may be regarded as a consequence of the nonlinearity of the Einstein field equations.

In the present paper it is shown that a scattered imploding wave may be attributed
entirely to nonlinearity, by the demonstration that it occurs in approximate solutions
to the nonlinear Born-Infeld electromagnetic equations (Born and Infeld 1934,
Rzewuski 1967) in flat space-time. Solutions corresponding to the monopole, dipole
and quadrupole solutions of Maxwell’s equations are constructed and the dipole and
quadrupole solutions are found to possess incoming tails. The origin of these incom-
ing waves is ascribed to the radiation x radiation x radiation interaction. This form
of interaction also gives an incoming tail in the gravitational case (Couch ez al. 1968).

The relevant aspects of the Born-Infeld theory are summarized in §2 and the
Newman-Penrose formalism reviewed in § 3. In § 4 the Born-Infeld field equations
are translated into the spin-coefficient formalism and in §§5 and 6 iteration proce-
dures are developed for their solution. Some conclusions are presented in § 7.

2. Born-Infeld electrodynamics

This theory was proposed by Born and Infeld in 1934 in an attempt to mitigate
difficulties in Maxwell’s theory. However, interest in the theory has been limited by
its nonlinearity, which makes solution of the field equations difficult, and quantization
impossible, with present procedures.

As in Maxwell’s theory, the electromagnetic field is described by a 4-potential 4,
and the Lagrangian is a function of the field quantities F,, only, wherel

Fu=4,,—4,, (2.1)
Gauge invariance is thus retained. In order to ensure relativistic invariance, the

t This research has been sponsored in part by the Aerospace Research Laboratories through
the European Office of Aerospace Research, OAR, United States Air Force, under Contract
F61052-69-C-0012.

1 A comma denotes partial derivative—a semi-colon, covariant derivative, We work in
flat space—time only.
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Lagrangian may involve F,, through the two invariants F' and G only, where
F =4b"2F, F* (2.2)
G = 1b™%F, F»* = Lb~2°F, F,,. (2.3)

Here b is a constant with the dimensions of field strength and €“*? is the alternating
pseudo-tensor. Of the Lagrangians which satisfy these invariance requirements and
which reduce to the free field (Maxwell) Lagrangian

L =4%F, Fv (2.4)
for fields weak compared with b, Born and Infeld chose

{1—(1+F-G*»)t3p?

L= 2.5
- (2:5)
In the following, however, a Lagrangian of the form
1-(1+F)t2}p?

47

will, for the sake of simplicity, be assumed. Here the term proportional to 7% has
been omitted. The field equations resulting from the variation of (2.6} are

F® (14+F)~12 = $b=2FwFF,, (1+F)=%2, (2.7)

It is possible to write these in a form reminiscent of Maxwell’s equations by introduc-
ing the tensor P,, = —F,(1+F) 2 The field equations can then be expressed
Pwv = 0. This dev1ce has been used extensively in the literature (e.g. Gilbert 1964,
Cormsh 1962, Dirac 1960) but will not be adopted here. The only exact solution to

(2.7) that appears to have been found is static and spherically symmetric; it is given
in §4.
The form of the field equations used here is

Fw,v = %b_2Fqupanc.v(1 +F)~1' (28)

Thus it is assumed that 1+ F # 0, which is justified except, perhaps, at very short
distances from the source (see Born and Infeld 1934). Now (2.1) implies that

Fxw =0 (2.9)
so that if

Fuvt = %(Fuv_‘_ iF*uv)
then after rearranging (2.8) the field equations may be concisely expressed:

Fw % = 1b-2FwFocF,  _1FF& (2.10)

3. The Newman-Penrose formalism

In Minkowski space a tetrad of null basis vectors ¥, n*, m* and #* is introduced,
where /# and »* are real, and m*, m* complex, subject to

by o b3 e
l'n, =1, mii, = —1.

All other contractions of two tetrad vectors give zero. The six real components of the
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electromagnetic field tensor F,, are replaced by the three complex quantities

bo = F, lim"
9{’1 = % uv(lunv+n—1umv)
¢y = F, 7'n". (3.1)
The following operators are defined
0 d ¢
D=1 8 =mt A=n* (3.2)
ox* ox* ox*
and the following 12 spin coefficients:
= Lml A= = B = ¥(luym'm’ —my,,mm’)
T = =, A o = (I, m'm —m, Ry v = ~n, A0
e = ¥l 'l —m, Yy o =1, ,m'm’ y = ¥, m'n’ —m, m*n’)
p =l m'n’ o= —n,,mtm T =1, ,mn’. (3.3)

The Minkowski metric in null polar coordinates is
s? = du?+2du dr —72(d6? + sin? 6 d¢?). (3.4)

where the coordinates are (x°, &%, x% &%) = (u,7,0, ), u = t—7. The tetrad is
adapted to the null coordinate system by choosing /# as the outward null vector tangent
to the null cone, n* is the inward null vector pointing towards the world line of the
origin, and m* and " are vectors tangent to the 2-sphere defined by constant» and u.
With this assignment

P=8  at=0i—18 wf =275, +i(sin6) 78 (3.5)
and the nonzero spin coefficients become
p=—rt w= —27%2"1coth B =2"3%"1¢otd wo= —%r-1

3.6)
An angular operator 0 (edth) is introduced by (

7

dn = —(sin 6)* (

sin 8 cqﬁ) G

(3.7)

< ¢ i
o = — )~ sin §
(sinf) (00 sin # Sqﬁ) {(sin £)n}
where s is the spin weight, defined as follows. % has spin weight s if a transformation
m* —m* = e¥m* induces the transformation v — 5’ = e*¥n, From (3.1) the spin
weights of ¢, ¢, bg are 1, 0, —1 respectively. Spin weighted spherical harmonics
s Y, are defined by

k_ (D5 Y, 0<s<!
Vi = (=)o (DF2Y,,,  —I<s<0 (3.8)
0 ls| > 1

where Y, = Y, are ordinary spherical harmonics and

k(1) = {(I+s)1/(I—$)1}*2,
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It follows from (3.8) that
Vi = {({~s)({+s+ )12 1 Vi
35 Vin —{(I+s)(l=s+ 1)} Yy, (3.9)

li

and
38, Yim = —(I+5)(I=s+1) Y}, (3.10)

4. Born-Infeld equations in Newman-Penrose form

Using the formalism of the preceding section, the Born-Infeld field equations
corresponding to (2.10) may be written as four equations in ¢’s and spin coefficients.
As with (2.10) Maxwell’s equations can be recovered in the limit 5~* — 0. The Born-
Infeld equations become:

0 1 ,
¢ +%5;951 +;¢1—2-1’27‘15¢2
=367 2{($1+E)P - 2713 "1 Q ~ 2717 1, 0}
0 o o
“5R(= bt B (b4 )27 00 B) G 40)
u or

¢
ou

0 - - 4.1

5;451 27 10 + 2r Ty = b7 E{— (b1 + 1) S+ 2713 "1 $,0 + 00)} (1)
_b_zR(g—i(%+$1)+2"”2r‘1(3¢?o+5¢o>
+2"_1(¢1+$1)) (4.2)

a : 3 T '
o 27V £ r gy = —172gaS ~ P (b~ 2]
g L ¢ ¢ 172, - 15,
e R(_ ?¢2+79§0_%“‘$0—2— Pro1o(d— )
o¥ ou or

4+ 180) (43)

n

¢ b , _ |
= - doth o dot b o= 27 10gy = —1h %S~ goP~ (B - $1)27 210}

o _ G G -
+b‘2R(—59'52+£;¢o—%(73'6;450“2_1"27_15@’1—951)“7'—1(52‘1‘%950)) (44)
where /

R = oo+ Bado—b12~ .2

R ¢R
P=-—1=

cu or
0= -9R
0= -9R

¢R
S =
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Z = 8]80+(i/sin 0)(8/é4), and the P operator is used instead of 8, § where it
proves convenient in later work.

A static, spherically symmetric solution, first given by Born and Infeld (1934) is,
in a cartesian coordinate system:

FiO = —exly=1(ryt+r#)~12 Fi¥ =0 i, k=123 (4.5)
where
ro2 = efb 7% = (x*)2 + (¥2)2 + (x5)2 ¢ = areal constant.

In null polar coordinates the only nonzero components of F,, are

Fiog= —Fy = e(ro* +14)7172 (4.6)

and in the Newman—Penrose formalism the solution becomes

$o =y =10 by = fe(ro* +7%) 712 (4.7)

as may be verified by direct substitution in equations (4.1)-(4.4).

It is also possible to obtain exact solutions, independent of b, which satisfy both
equations (4.1)-(4.4) and the source-free Maxwell equations: that is, both sides of
equations {(4.1)~(4.4) are identically zero. Examples of such solutions are:

() do=da=0 ¢ =iQ)r? (4.8)
(i) do=do =0 ¢ = (Q2iQ)}r? (4.9)

where Q is a real constant. It is not obvious how to interpret these solutions, but on
the basis of Maxwell’s theory (4.8) represents a magnetic monopole and (4.9)
combinations of magnetic and electric monopoles. Apparently for these cases the two
theories have the same solutions.

5. An iterative method

A successive approximation technique is now developed to solve the field equations

such that at the nth stage in the iteration the solution is ¢, where
n

¢A=¢A+fx4 A=0)1)21 n=1,2,-...

Here f 4 is the ‘correction’ to the (z— 1)th iterate. The method of solution at each stage

in theniteration, used in this section, is applicable only when the initial iterate depends
on 7 alone; for initial iterates of u, , f-dependence a different method must be used
(see § 6).

The initial iterate (# = 0) is taken to be the monopole solution of Maxwell’s
equations

¢o =y =0 by = ag[r? a, = (complex) constant.
0

This is substituted in the right-hand sides of equations (4.1)-(4.4) and the resulting
equations solved for ¢4 equal to the first iterate ¢,. The process is repeated by

substituting qS 41n the right-hand sides and solving for qS 4 and so on. The method of
solution used at each stage was first given in Janis and \Iewman (1965). The equations
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to solve for ¢, are (omitting the subscript 1):
1

~

¢ ¢ _
b b T 2T, = 0w+ B)(at @) (5.1)

—;;9614-2_1"27'15(#0-4-27_1?51 = 2672~ (ag+ dp)(ao® +d%) (5.2)

b -
R R (.3)
9 L 1,~1 ~1/2,-1 z
- a‘?so‘f'?g‘ﬁo‘f‘ﬁ $o—271r"15¢, = 0. (5.4)

Multiplying (5.2) by #2 and integrating yields
b1 = —r2 [ 27128y dr —3b2r~%(ag + do)(ae? + de?) + 7~ 2.

Assuming an expansion of the form

$o = 2 {$o" " (u, 0, 4)[r "2

nzl
¢; becomes

n—-1 .
b= 002795 3 W s e ad). (59)

ne1 ™t 2
Multiplying equation (5.3) by » and integrating,

-1/ 3 X (# not
I 1127-25¢10+%azn§lW+¢zor-l. (5.6)

Substituting (3.5) in (5.4) and equating coefficients of =2 and #~7~2 results in

b= =270 (4 =47 (5.7)

$o" = —H(n+1)do" L —4n~133p," 1. (5.8)
Substituting (5.3) and (5.6) in (5.1) and equating coefficients of »~2 yields

¢.%= —271254,0, (5.9

Equations (5.7), (5.8) and (5.9) are exactly the same as those that occur in the solution
of the source-free Maxwell equations (Janis and Newman 1965), so with the help of
results obtained by them, and with the choice ¢,° = 0, one finds that ¢,° and ,° are
independent of u. To ensure that the first iterate ‘contains’ the Oth iterate, ¢,° and
é0° are chosen to be a, and 0 respectively. The first iterate is now

¢ = ¢y =0 $1 = agr "2+ a8
1 1 1

where 2y = —3b™%(ao+do)(ay®+ @,?). Repeating this procedure twice gives

$o=¢2 =0 b1 = agr 2+ ogr O+ Bor 70 by T M 4 O(r T 18)
3 3 3
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where _

Ba = —oab™2{(ao+ @)% —¥(ao® + G”)}

vs = —2a0doBob ™% — 21 (ag+ do)b 2.
It is apparent that «, depends on 572, B, on 6% and y; on 578, so each successive
iterate contains terms of higher order »~! and 47! dependence. In this sense each

iterate is ‘correct’ to the appropriate powers of =% and 5~1.
If a, is put equal to ¢/2, e real, in ¢4, this solution turns out to be equal to the
8

power series expansion of the exact solution (4.7), to the accuracy of ¢,, so for
3

a, = e[2 it seems likely that the iterative technique used here converges to a known
solution,

6. The Born-Infeld tail

For solutions with #,  and 8 dependence the equations for each iterate are solved
by a method of Torrence and Janis (1967). The successive iteration scheme is as
outlined in §5 except that, for technical reasons, ¢, does not contain ¢, However as

n ¢}
the equations for 9{) 4 are linear and d) 4 is a solution of the left-hand sides of these

equations equated to zero, ¢4 can be added to ¢ 4 7= 1273,... to give the complete
solution at each stage.

6.1. Dipole type solution

The (axisymmetric) Maxwell dipole solution is taken as initial iterate. This is
(Janis and Newman 1965)

by = a,(u)sin f/r®

¢y = — 224, cos 0r? —2Y2a, cos fr®

b2

(6.1)

—dy sin 8/r —d, sin 8/r% — a, sin 6/r8.

As in § 5 these values for ¢, are substituted in the right-hand sides of equations (4.2)
0
and (4.3) and on multiplying by 72 and r respectively and integrating yield

SCUN i cifw, 6) 62)

8= 27 [ g ars
S0

4y = _2-1/2;'—1f 3, dr+ e 22 — (6.3)

where ¢, and d,, are functions of a,, @ and their « derivatives to the third, and of 4.
They are given explicitly in Appendix 1. To simplify the equations the constants of
r integration, ¢,° and ¢,° are set equal to 0. By substituting (6.1) in the right-hand
sides of (4.1), (4.4) one obtains

¢ 0 , 5 e
Sobo—do bbb+ 27 104, —b72 3 e =0 (6-4)
r=1"7
0 ¢ 5
L pmdg a2 gy S (65)

ou ®or
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where ey, f, are given in Appendix 1. Substitution of (6.2) in (6.4) and (6.3) in (6.5)
yields

2 5 2743, _ +e
(_0_; ___) bo—3r 1¢0_L1—355J rdo dr — b2 k%l___r_,j__sl_ff =0 (6.6)
5 2-125d, +7, -
(8_u —%- )¢1—’_1¢1_lr255 f¢1 dr+672 _—__,,;c—:a—f?—"_lE 0. (6.7)

k=1

We may regard ¢y, di, e, and f, as having spin weight 0, —1, 1 and 0 respectively
when they occur in an equation containing ¢,. Accordingly the last terms of (6.6)
and (6.7) can be written in the form

2718yt e, = 2 Se(u) 1Yo k=1,..,5 (6-8)

=1

2-1”25dk+fk = Z tk,z(u) 0¥ kR=1,..,5 (69)
=1

(see Appendix 2). Following Torrence and Janis (1967) and. Couch et al. (1968), ¢, is
taken to be of the form
b = Z g 1Yo 8oy = 1" TID  (wer7h). (6.10)
=1

The problem now reduces to finding the form of x,. Using (6.8), (6.10), (3.10), (6.6)
becomes

2
(— -3 )gm—~r Yeat+dr 31+ 1) rgozdr =52 Z Set(#) (6.11)
k

=, ks ’
Now, if the operator acting on gy, is L,
Lgo =7~ D (g =) — 3l =2DV (=) — 3 1D (= 1Dagg — 7 =1~ L igg)
+%r‘3(l+I)ZW(r’Df“(xOr“) dr. (6.12)

There is an identity given in Torrence and Janis (1967)
D't iDY(Fr-Y)} = ¢'D'*'F  for all integers / > 0 (6.13)

and arbitrary F. Using (6.13) in the second and fourth terms of (6.12) and assuming
that #*2D(xr~1=1)|, = 0
Lgo, = "ID" 1y Y%, — EDxy)}.
Equation (6.11) now becomes
(k+2)!
LI+ R+3)!

where all constants of  integration have been put equal to zero. The independent
variables are now transformed according to:

So—3Dxg = > (—1)1*1p=2pl-k-3
K

(u,7) = (u,v) v =u+2r.
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Under this transformation 6/¢u—%¢/or becomes ¢/¢u and

Xo = [u ((—1)”11)‘2 S 2873 g (u') (o —u') " F (R +2)!

k T ) Q'+ Ho(w)  (6.14)

where H, is a constant of # integration. So from (6.10)

¢ = z 1Yo 7T ID M Ywgr 7 (6.15)
1

with x, given by (6.14). The equation for ¢,, (6.7), is treated similarly, assuming
rIDVHxgr~172)|, = 0, and

¢ = z o Yy 7t "D ayrmi7Y) (6.16)
where :
: R D T I )
= —1)+1p-2 ’ )d’ H. (7). .
w=] (s T )aw+H@). (6.17)

H,(v) is a constant of u integration. ¢, is obtained from equation (6.3), and, using
(6.16) and (6.13),
5 dk

b2 = Z 1 Y[+ IR TID " g )] 4 572 Z prerd (6.18)

The complete solution for the first iterate is obtained when gb 4 1s added to the results
just obtained, so referring to Appendix 2,

$o = (37)Payr 73, Yo+ D (o177 1) 1 Yig +72D% (0,57 7%) 1 Vo (6.19)
¢ = §(3r)2d(arr 72) o Vo + D(%1,1772) o Vyo +#2D%(xy 57 ™) o Vo
bo = H(Em)2d%ayr ) _1 Yio+x1,07 70 1 Vi + 672D (g g7 7%) -1 Vo
5
5o 3
where d = —20/0u-+ d/¢r and the constants H, and H, representing arbitrary

incoming radiation have been put equal to zero. x, ; means x, for / = 1.

An interpretation of these results can be obtained if sy,;, $y.5, 24,1 and #; 5 are
arranged, by choice of a;, to be equal to the Dirac delta function or its derivative.
In this case the x, and #, terms reduce to functions of v = u+2# only if # > 0 and
zero if u < 0. Now comparing with the retarded and advanced 2! pole Maxwell
fields, which are respectively given by

— nAdl—1+ A{al(u)rA—l—2}1,l—l l—AYlO

ba = mD'm A (u+2r)r AT Y

where 7, and m 4 are numerical factors. The ‘correction’ terms to the (outgoing) Oth
iterate represent incoming radiation, apart from the last term in ¢, which is additional
outgoing radiation.

The problem now is to choose the form of a;. It cannot be put equal to ()
directly, as the s, ; and ¢, terms involve products of the @; and their derivatives.
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Instead a, is put equal to ¢/(u? +€2) where € is a positive constant, and if, after evaluat-
ing s, ; and ¢, € is made to approach zero, then s, ; and ¢, , approximate to &(x) or

B(3(u)} u.

6.2. Quadrupole type solution

The procedure given in § 6.1 can be used with the Maxwell quadrupole solution
as initial iterate, and results of the same kind are obtained. The detailed calculations,
which are not given here, are, of course, more complicated than those for the dipole
case,

7. Conclusions

Tails or backscattered radiation occur in approximate solutions of the Born-
Infeld field equations obtained by iteration from the Maxwell dipole and quadrupole
solutions. 'There is no radiation in solutions obtained from the Maxwell monopole
solution. The form of the first iterates in the dipole and quadrupole type solutions is:

(i) The initial or Oth iterate in the form of a delta function pulse of radiation out-
going from the source. (The first terms of (6.19).)

(i1} A tail, or backscattered radiation, focused on the source and emanating from
(1). (The second and third terms of (6.19).)

(i11) Additional outgoing radiation coincident with (i). (The last term in ¢, in
(6.19).)

The radiation described by (ii) and (iii) is of order 56=2. Subsequent iterates may
be expected to be of higher order 5~ dependence. The results are shown in pictorial
form by a Penrose picture (figure 1, Penrose 1964).

I+

f+

Figure1. £+, # - denote future and past null infinity, I+, I- future and past

temporal infinity and I° spatial infinity. The line joining I* and I~ represents

the world line of a source which emits a delta function pulse of radiation at P.

The backscattered radiation emanates from this pulse and is focused on the
source.
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Appendix 1

=10

¢1 = —/2(d, +d,) cos 0{(ds? + 4;?) cos® § + (a4 + &, d, ) sin? 6}

Co = —A/2(dy+ a,)(aydy + d1d;) cos 8 (2 cos® 8+ sin? ) — £/ 2(ay + G, )(d,2 + 4,2)

x cos (4 cos® 0+ sin? 0) —1%51/2(a; + d;)(a,d; + d,d,) sin? 6 cos §

€5 = —+/2{d, +d;)(a,®+ ;%) cos B(cos? 6 +} sin? 0) — 14/2(a, + @,)(a,4, + 4,d,)
x cos (5 cos? §+ 2 sin? §)
¢y = —/2(a, +a)(a,? +a,?) cosb(% cos? 0 + 5 sin? 6)

dy = dy sin 8{(d,? +d,%) cos? 0 + }(a,d, + a,4,) sin® 6}

dy = dy(aydy + a;d;) sin 0(2 cos? 8+ % sin? 0) + &(dy + d,)(d,% + d,2) cos? O sin 8
+ ¥(aydy + @y d,) sin 6{2d,2 sin% § — (d; —d;) cos? 6}
+ $(dydy + dydy) sin 6( — 24, cos? § —}a, sin? 8) —&4a, sind 0(a,d, +d,a,)

dy = dy(a,®+a,?) sin 0(cos? 8 + } sin? 0) + §(aydy -+ @,4,) sin 6
x {(3d, +7d,) cos? 0+ §d, sin? 0} — 4@, (d,? + d,2) sin O(cos? 0 + } sin? §)
+3(a,d; + a,d;) sin 8{(a, — 3d,) cos? 8 + (a; — 34, ) sin? 6}

d, = #(a2+a,%) sin 6{(3d, + d,) cos? 0 +d, sin6} + ¥(a,d, + d,d,) sin §
% {(@, —2d,) cos® 0 + §(5a, — 7a,) sin? 6}

ds = ¥s(a,® +a?)(a, — @) sin 6(cos? § + % sin? 6)

ey = 2d; sin 0{2(d,% + @,%) cos? 6+ (ayd; + G, ;) sin? 6}

ey = Sdy(a,d; + d,d,) sin 6(2 cos? 6 -+ 4 sin? 0) + 44,(d,2 + d,2) sin 8 cos? 0
—Yay(as@; + @ a;) sin® 0+ 2(ayd; + ,4,) sin 8{(2d, — d,) cos? 8 + d, sin? 6}
—ay(d,d; + 3,4, sin 6(2 cos? 0 +} sin? §)

eg = 3d;(a;®>+a,%) sin (2 cos? § + % sin? 0) + (a,d, + d,@,) sin 8
% {2(2d; 4 3d,) cos® 6+ 34, sin® 0} — (d;* + 4,2) sin 6(24, cos? 6 +a, sin? 6)
+ (aydy + @, d,) sin 0{2(@, — 2a,) cos? § +(a; — }a,) sin? 6}

ey = 3(a,® +a,?) sin 0{(d, +d,) cos® 0 +4d, sin? 6}
—(aydy + @,d,) sin 6{(a; + a,) cos? § —}(5d; — 7a,) sin? #}

es = §(a:® +d,%)(ay —a;) sin® 8 .

fo = = /2dy + 8,)(dydiy + d1,) cos (2 cos? 0+ sin? 0) — 34/ 2(d, + &, )@y + G, 00)
x sin? § cos 0+ /2(dy + d,) sin® 8 cos 8% (ayd; + @, d,) — (4,2 + &,2)}

fo = —+/2(dy+a;)(a;® +4d,%) cos (4 cos? 0 + § sin? 0) — /2(dy + ay)(ayd; + a1d;)
x (2 cos? 0 +sin? 0) — \/2(a; + @;)(d,4; + d1d;) cos 8(2 cos? § +}% sin? 6)
—4$4/2sin? 0 cos 6{(a; +a,)(a1a;y + @ ay) + 3(dy + dy)(ayd; + d1a,)}
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Js = =/ 2(d,+d,)(aydy +@,d;) cos (7 cos? §+ 22 sin? ) — 4/ 2(ay + a1 )(d, 2 + 4,2)
x €08 0(4 cos? § +sin? 8) — 4/2(a, + a,)(a,d; + a;d;) cos (2 cos? 8 -+ £ sin? 6)
—4/2 cos 0sin? 0{(a; + a,)(4,% + 4,2) + $(d, + 41 ) (a2 + &%)}

fo = —34/2(dy + @;)(a,® + a,?) cos §(cos? 8 + 4 sin? )

—+/2(ay + a )(ayd; + a@;d; )(7 cos® 0+ & sin? 6)
I = —34/2(a; +a;)(a,® + @,2) cos 8(cos? § + £ sin? 6).

Appendix 2
Equation (6.8) is
2_1/250k—1+9k= Zsk'! 1Yl0 k= l,...,s.
Equation (6.9) is l
27Y2%dy+ fro = > tey Yoo k=1,..5.
1
(1) To justify (6.8) ¢y, can be expressed:

5 g = Aj(u) cos 8+ Ay(u) cos® 0 some A4, 4,.
o

0¢).1 = By(u)sin 8+ By(u) sin® 0 some B, B,.
Also

e, = Ag(u)sin 6+ Ay(u)sin® @ some Ajg, A,.
Now, using (3.8),

1Yo = (%)?sind
o) 2 cos fsinf

1 Yo = &(g5)V2 (45in §— 5 sin? 6)

> skp 1Yo = S 1 8in 045, 5c080sinf+s;, 5(4sinf—5sin® ) + ...
1

Choosing sy ;, §,.3 nonzero and all other s, ; = 0 this can be expressed:

> S5 11 Y0 = sin 0(sy ;4 4s5,,5) +5in® 8 — 55 5).
!

So by choosing s, , appropriately, equation (6.8) can be satisfied.
(ii) To justify (6.9)
d,, = As(u)sin 6 + Ag(u) sin® 0 some A;, Ag
3d,, = Bga(u) cos 8+ B,(u) cos® § some Bj, B,

fre = Aq(u) cos 8+ Ag(u) cos® 8 some A, 4g.
Now

>ty o Yio = tiy1 cos 0+, (3 cos? 0 — 1) + 45 5(5 cos 80 —cos 6) + ... .
1

Choosing #, 1, #; 3 nonzero and all other ¢, ; = 0 this may be expressed:

Z tk.l 0 YlO = COS8 B(tk,l — 3tk,3) + COS3 B(Stk,f})'
1

So by choosing ¢, ; appropriately equation (6.9) can be satisfied.
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